POTENTIAL OPERATORS 
ASSOCIATED WITH JACOBI AND FOURIER-BESSEL EXPANSIONS 



ADAM NOWAK AND LUZ RONCAL 

Abstract. We study potential operators (Riesz potentials) associated with classical Jacobi and Fouricr- 
Bessel expansions. We prove sharp estimates for the corresponding potential kernels. Then we char- 
acterize those 1 < p, q < oo, for which the potential operators are of strong type (p, <?), of weak type 
(p, q) and of restricted weak type (p, q). These results may be thought of as analogues of the celebrated 
Hardy-Littlewood-Sobolev fractional integration theorem in the Jacobi and Fouricr-Bcssel settings. As 
an ingredient of our line of reasoning, we also obtain sharp estimates of the Poisson kernel related to 
Fouricr-Besscl expansions. 



1. Introduction 

The classical fractional integral operator (also referred to as the Riesz potential) is given by 

I a f{x)= f \\x-y\\ 2a - d f{y)dy, x £ R d ; 

here d > 1 and < a < d/2. The integral defining I a converges for a. a. x £ M. d provided that / £ L p (M. d ) 
and - > For sufficiently smooth functions /, I a coincides up to a constant factor with (— A) _cr , where 
A is the standard Laplacian in M. d and the negative power is defined by means of the Fourier transform. 
A basic result concerning mapping properties of I a is the Hardy-Littlewood-Sobolev theorem, see e.g. [321 
Chapter V], which says that I a is of weak type (1, d d 2a ) an d of strong type (p, q) when i = ~ — 2jp and 
p > 1 and q < oo. One can also check that I a is of restricted weak type oo) and that these mapping- 
properties are sharp in the sense that I a is not of strong type (1, d _ 2a ), not of weak type (^,oo) and 
not of restricted weak type (p,q) when | ^ i — (see [33] Chapter V] for the terminology). 

Weighted estimates for I a with power weights were studied in [33] , and with general weights by several 
authors, see for example |31) and references therein. On the other hand, numerous analogues of I a 
have been investigated in various settings, including metric measure spaces, spaces of homogeneous type, 
orthogonal expansions, etc., see e.g. [TJ [SJ HH [151 EH HH1 HOI 1221 1231 US] , and references in these papers. 
L p — L q estimates for such operators are of interest, for instance, in the study of higher order Riesz 
transforms and Sobolev spaces in the above mentioned contexts. Recently some LP — L q bounds for 
the potential operator in the context of Jacobi expansions, as well as vector-valued extensions for that 
operator, were obtained in [9j. Another recent result in this spirit can be found in [30] . where a sharp 
description of L p — L q mapping properties of the potential operator associated with the harmonic oscillator 
(the setting of classical Hermite function expansions) was established. 

The aim of this paper is to obtain similar characterizations of LP — L q mapping properties of potential 
operators in the contexts of classical Jacobi and Fouricr-Besscl expansions. These settings are in principle 
one dimensional, but have a geometric multi-dimensional background. More precisely, the Fouricr-Besscl 
framework with half-integer parameters of type v is related to analysis in the Euclidean unit balls of 
dimensions d v = 2v + 2, see [T31 Chapter 2, H] and [23]. In the Jacobi setting there are two parameters 
of type, a and f3. When they are equal and half-integer, the Jacobi context is related to analysis on the 
Euclidean unit spheres of dimensions d a = 2a + 2 = 2/3 + 2 = dp , see [27] Section 3] . If the half- integer 
parameters are different, say a > ft, then the geometric connection is more complex and involves the unit 
spheres of dimensions d a and unit discs of dimensions dp inside those spheres, see [2]. The 'geometric' 
dimensions d v , d a and dp manifest in our results, and the interplay between them and the 'physical' 
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dimension d — 1 is an interesting and important aspect of the theorems dealing with mapping properties 
of the potential operators. 

The main results of the paper are characterizations of those 1 < p, q < oo, for which the Jacobi and 
Fourier-Bessel potential operators are of strong type (p,q), of weak type (p,q) and of restricted weak 
type (p,q), see Theorems 12.31 12.41 12. 7\ 12.81 in Section [2] Comparing to the Hardy-Littlewood-Sobolev 
theorem, the Jacobi and Fourier-Bessel potential operators possess better mapping properties. This is, 
roughly speaking, thanks to the finiteness of the measures involved, and also due to the fact that spectra 
of the Jacobi and Fourier-Bessel 'Laplacians', being discrete, are separated from (assuming in the Jacobi 
case that the parameters of type satisfy a + (3 ^ —1). The proofs are based on sharp estimates for the 
corresponding potential kernels, which we also obtain in this paper, see Section [5] The latter depend 
on sharp estimates for the associated Poisson kernels, which in the Jacobi case were found recently in 
[571 [55], an d for the Fourier-Bessel case are established in this paper (Theorem I2.5[) . 

The frameworks considered in this paper can be described in a unified and more general way as follows. 
Let I C 1 be a finite interval equipped with a measure fi. Let {ip n : n > N}, N = or N = 1, be an 
orthonormal basis of L 2 (X,dii) consisting of eigenfunctions of a second order differential operator L (a 
'Laplacian'), 

Lip n = X n ip n , n> N. 

In each of our settings A ra are nonnegative, increasing in n, have multiplicities 1, and A n ~ n 2 as n — > oo. 
Moreover, there is a self-adjoint extension of L, still denoted by the same symbol, whose spectral resolution 
is given by the (p n and A„. 

Assuming that the bottom eigenvalue is nonzero, we consider the negative powers 

n>N 

where a > 0. For / <G L 2 (dfi) the above series converges in L 2 {d[i) and defines a bounded linear operator. 
Formally, L~ a can be written as an integral operator, which we denote by I a , 

(1) Iaf(x)= [ K„(x,y)f(y)dn(y), 

Jx 

where the kernel K a (x, y) can be expressed by the associated heat kernel or any kernel subordinated to 
it. In particular, if 

H t{x, V)= ^ eXP ( ~ tX n 2 ) ( Pn(x)(fi n (y) 
n>N 

is the corresponding Poisson kernel (the kernel of the semigroup 

{exp(-iL 1 /2)}) ; then 

1 f°° 

(2) K tT (x,y) = —— Htix^t 2 *- 1 dt. 

1 Jo 

The set of all / for which the integral in ([1} converges for a. a. x G X forms DomI ai the natural domain 
of l a . We call I a the potential operator and K a {x,y) the potential kernel. In the contexts we study, 
K a (x,y) is always well defined by © for x ^ y, and (JTJ) makes sense for a large class of /. Furthermore, 
by our results and arguments similar to those in the proof of [29[ Corollary 2.4], it can be verified that 
L~ a and I a coincide as operators on L 2 (dfi). The integral representation ([T]) of the potential operator 
offers an intrinsic and direct approach to the negative powers of L. In particular, it enables us to describe, 
in a sharp way, L p — L q mapping properties of I a in all the investigated settings. More general weighted 
L p — L q results are also possible, but are beyond the scope of this paper. 

Some remarks are in order. First of all, note that philosophically it would be more appropriate to define 
in our settings K a (x,y) via the heat kernels, i.e. the kernels of the semigroups {exp(— tL)}. However, 
although qualitatively sharp estimates of the Jacobi and Fourier-Bessel heat kernels are available, see 
[24( I25| [27], from the analytic point of view of estimating K a (x,y), it seems more convenient to use 
H t (x,y) since no exponential factors are needed to describe its short time behavior. 

Another comment concerns terminology. In the literature devoted to analysis of orthogonal expansions 
it often happens that the phrase fractional integral refers not only to negative powers, but also to multiplier 
operators given either by 

<Pn)n <Pn 

n>l 
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or by 

/ H> ^{n + l)-' J {f 1 ip n )^ip n , 

n>0 

see for instance [23] Chapter III] or comments throughout [29] and references given there. These definitions 
differ in various particular contexts (including those considered by us) from the negative powers of L 
defined spectrally. 

On the other hand, some mapping properties of the fractional integrals above and the negative powers 
are related by means of suitable multiplier theorems, see for instance [12l H2] [HI ED] and the ends 
of Sections 2-4 in [29]. Even more, the negative powers and the fractional integrals can be treated 
directly by means of multiplier theorems. Still another possibility of dealing with these operators in some 
particular settings is based on transplantation theorems, see [221 P- 213] for some hints on the idea. All 
these multiplier and transplantation aspects pertain only LP — LP mapping properties and will not be 
further discussed here. For the settings investigated in this paper, the reader can find suitable multiplier 
and transplantation theorems for instance in [8J [TOj [11] [2TJ [22] [28] . A multiplier approach to fractional 
integrals in a Jacobi framework slightly different from those considered here can be found in j3][4]. 

The paper is organized as follows. In Section [2] we briefly introduce the Jacobi and Fouricr-Besscl 
settings to be investigated and state the main results (Theorems I2.2ll2.8p . The corresponding proofs 
are contained in the two succeeding sections. In Section [3] we show sharp estimates for all the relevant 
potential kernels (Theorems 12.21 and 12. 6|) , and also for the Poisson kernel associated with Fouricr-Besscl 
expansions (Theorem I2.5[) . Finally, Section [4] is devoted to proving LP — L q mapping properties of the 
Jacobi and Fourier-Bessel potential operators (Theorems 12.31 l2~4l 12.71 and l2.8j) . 

Notation. Throughout the paper we use a standard notation. In particular, by (f,g)pj we mean 
/ f( x )9( x ) d/i(x) whenever the integral makes sense. For 1 < p < oo, p' is its adjoint, l/p+ 1/p' = 1. 
When writing estimates, we will frequently use the notation X < Y to indicate that X < CY with a 
positive constant C independent of significant quantities. We shall write X ~ Y when simultaneously 
X < Y and Y < X. For the sake of clarity and reader's convenience, in the Appendix we include a table 
summarizing the notation of various objects in the settings considered in this paper. 

2. Preliminaries and statement of results 

We will consider two interrelated settings of orthogonal systems based on Jacobi polynomials. Also, 
we will study two contexts of Fourier-Bessel expansions, which are close (in a sense to be explained in 
Section [3]) to the two Jacobi setting with parameters of type a = v and = 1/2. All the four settings 
have roots in the existing literature. 

2.1. Jacobi trigonometric polynomial setting. Let a,/3 > — 1. The normalized trigonometric Jacobi 
polynomials are given by 

V^(6) = c^P^ (cos 9), 6(0,70, 
where c"'^ are normalizing constants, and P"'^, n > 0, are the classical Jacobi polynomials as defined in 
Szego's monograph [35]; see HQ [23 [25] . The system {V^ : n > 0} is an orthonormal basis in L 2 (dfj, ai p), 
where (J. a .p is a measure on the interval (0, ir) defined by 

/ 0x2a+l/ 6'\ 2 / 3 + 1 

dfJ, a ,p( e ) = ( sin 2) V C0S 2/ d9 ' 
It consists of eigenfunctions of the Jacobi differential operator 

d 2 a- (3 + (a + (3 + l)cos9 d / a + /3 + l \^ 
~ ^dff 2 sin0 d9 + \ 2 ) ' 

more precisely, 

ja,P K ,p = (n+ a + P 2 +l ) 2 V^, n>0. 

We shall denote by the same symbol J a ^ the natural self-adjoint extension whose spectral resolution is 
given by the "P" ,/3 , see [23 Section 2] for details. 

The integral kernel T-L^'^{9, (p) of the Jacobi-Poisson semigroup {exp(— t( l 7 Q '^) 1 / 2 )} can be expressed 
via a complicated hypergeometric function of two variables, or by means of a double-integral representa- 
tion, see (26] Proposition 4.1] and [281 Section 2]. However, none of these expressions provides a direct 
view of the behavior of the kernel. The following sharp estimate of (6, tp) was obtained recently in 
[27] for a,/3> —1/2 and in [28] Theorem 6.1] for the remaining a and /3. 
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Theorem 2.1 ([23 Hi]). Let a,0> -1. Given any T > 0, we have 

%t ^'-{^(-tl^i), t>T 



uniformly in t > and 9, f G (0, 7r). 

Assume that a + (3 ^ — 1, so that the spectrum of J a ^ is separated from 0. Given a > 0, consider the 
potential operator 

K' p f(0) = r K? li {8,<p)f{<p)dn a A<p), 
Jo 

where the potential kernel expresses by the Jacobi-Poisson kernel as 

1 r°° 

1 Jo 

An upper bound for K,"^(9,(f) showing explicit dependence on the parameters of type was obtained 
recently in [9] Theorem 1.3], under the restrictions a < 1/2, a > —1/2 and (3 > —1/2. 

Here, making use of Theorem 12. 1[ we will prove the following sharp bounds for IC"'^(9, if). 

Theorem 2.2. Let a, (3 > —1, a + f3 ^ — 1, and a > be fixed. The estimate 
+ X{a= a +i} log -t— + X{<j=p+i} log ■ 



if ' ° 2tt - 9 - if 

1, <7>l/2 

+ (9 + vf°-^) (2n-9- tff-W+D { log {9+ ^;^\ o = 1/2 



/ (9+y)(2 7 r-9-y) N l ~ 



a < 1/2 



holds uniformly in 9, (f € (0,7r). 

From the estimate of Theorem 12.21 it can be seen that L p (d/j, a ^) C Doml"'^ for 1 < p < oo. 
Furthermore, Theorem 12.21 enables a direct analysis of the potential operator X"'^. The following result 
gives sharp description of LP — L q mapping properties of X"'^, see also Figure Q] below. 

Theorem 2.3. Let a, [3 > ~1, a + (3 ^ -1, a > and 1 < p, q < oo. Set 

S:= (a+1) V(/?+l)V(l/2). 

Then I"' ^ has the following mapping properties with respect to the measure space ((0, 7r), dpL a ^p). 

(i) Lf a > 5, thenl^'P is of strong type (p 7 q) for all p and q. 

(ii) If a = S, then I"'^ is o/ strong type (p 7 q) for (p,q) ^ (l,oo), and not of restricted weak type 
(l.oo). 

(iii) Assume finally that a < S. Then I"' ^ is of strong type (p,q) provided that 

1 1 (7 

Moreover, X" ,/3 is of weak type (l, yr^:) tmc! of restricted weak type (|-,oo). 

These results are sharp in the sense that I®' 13 is not of strong type (l, jzr^) , not of weak type 
(^,oo), and not of restricted weak type (p,q) when | < | — 

2.2. Jacobi trigonometric 'function' setting. This Jacobi setting is derived from the previous one 
by modifying the Jacobi trigonometric polynomials so as to make the resulting system orthonormal with 
respect to Lebesgue measure d9 in (0,7r). Thus we consider the functions 

(3) W(6) = ( S m-) (cos-) V^(6), n>0. 



2) V 2/ 

Then the system {4>n : ^ > 0} is an orthonormal basis in L 2 (d9). The associated differential operator is 

ja,p = rf 2 (a-l/2)(a + l/2) Qg-l/2)(/3 + l/2) 
dtf 2 4sin 2 f 4cos 2 f 
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(2a + 2) V (2/3 + 2) V 1 



' 1 


► weak type (p,q), but not strong 
□ r.w.t. (p,q), but not weak 
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/ ^ 


1 

V 

> 
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(2a + 2) V (20 + 2) V 1 

Figure 1. Mapping properties of T%> for < a < (a + 1) V (/3 + 1) V (1/2). 



and we have, see [27l Section 2], 

¥ a,/3 -q,/3 



a + /3 + 1\ 2 



n > 0. 



The Jacobi-Poisson semigroup {cxp(— t(J Q '' 3 ) 1 / 2 )}, generated by means of the square root of the natural 
self-adjoint extension of J"'' 3 in this context, has an integral representation. The associated integral kernel 



, <p) is linked to U"' P (8, if) by, see [271 Section 2], 



(4) 



_ ^a+1/2 

sin — sin — 
2 2 



wx ,3+1/2 



COS - COS 

2 



Thus Theorem 12.11 delivers also sharp estimates for (0, 

Let ct > and assume that a + (3 ^ —1, so that the negative powers (JT a,/3 ) -cr are well defined in 
L 2 (d9). Consider the potential operator 



Jo 



where 



(5) 



/ 6 w\«+ 1 / 2 / 6 w\ 0+1/2 „ 
,<p) = (sin - sin I) ( cos - cos |) /C^ (0, p) 



Clearly, ((SJ) combined with Theorem 12 . 2 1 leads to sharp estimates of K™'^(0, <p). Using them it is not hard 
to see that the natural domain of contains all L p (d8) spaces, 1 < p < oo, in case a,(3> —1/2. If 
a A /3 < -1/2, then Z7(d0) C Doml^' 3 provided that ± < | + (a A 

The following result gives a complete and sharp description of i p — L q mapping properties of I" , see 
also Figures [2j4] below. 



Theorem 2.4. Let a,j3 > —1, a + /? / —1, a > and 1 < p, o < oo. Set 

K := ( a+ i)A(/?+i). 

T/ien I" ,/3 /ias £/ie following mapping properties with respect to the measure space ((0, 7r), d$). 
(a) Assume that k > 0. 

(al) If <t > 1/2, t/ien I"' 73 is o/ strong type (p, q) for all p and q. 
(a2) If a = 1/2, i/ien I^'' 3 is of strong type (p,q) ^ (l,oo). 
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1 - 2a 



► weak type (p, q) , but not strong 
□ r.w.t. (p,q), but not weak 




2a 1 

FIGURE 2. Mapping properties of 1"'^ for a,0> — 1/2 and < a < 1/2. 



>i-2a and M * {(l, ^-L-), 



(a3) If a < 1/2, i/ien I"'* 3 is of strong type (p,q) provided that 
1 _ 1 

Moreover, 1"'^ is of weak type (1, pjg- ) and of restricted weak type (^r,oo). 
(b) Assume now i/iat k < 0. 

(bl) J/ cr > ft + 1/2, £/ien I" ,/3 is of strong type (p,q) provided that - < 1 + k and i > —re. 

Furthermore, I" ,/3 is o/ wea/; type (p, 3^) /or - < 1 + re and of restricted weak type (j^, q) 

for - > —re. 
j q — 

(b2) If a = k + 1/2, then has the mapping properties from (bl), except for that it is not of 

restricted weak type (jt^, 3^)- 
(b3) If a < n + 1/2, then I°>P is of strong type (p,q) when 

l 1 , l l l „ 

— < l + re and — > — k and — > 2o". 

p q q p 

Further, I"^ is of weak type (p, for | < 2a — k and of restricted weak type ( 2(T !_ K ; 
and (j^,q) for | > l + k - 2a. 

All the results in parts (a) and (b) are sharp in the sense that for no pair (p,q) weak type can be replaced 
by strong type, and similarly if restricted weak type (p, q) is claimed, then for no such (p, q) it can be 
replaced by weak type. For (p,q) not covered by (a) and (b), I"'' 3 is not of restricted weak type (p,q). 

2.3. Natural measure Fourier-Bessel setting. Let J„ denote the Bcssel function of the first kind and 
order v > — l, and let {s n>v : n > 1} be the sequence of successive positive zeros of J Vl see [55] for the 
related theory. For v > — 1, define 

4> v n {x) = < x-" 'J v {s n ,„x), n > 1, x G (0, 1), 

where <f n are normalizing constants. The Fourier-Bessel system \(f> v n : n > 1} is an orthonormal basis in 
L 2 (djji v ), where dp: v is a power density measure in the interval (0, 1) given by 

d\i v (x) = x 2u+1 dx. 

Each (\> v n is an eigenfunction of the Bessel operator 
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-{a A3) ■ 



weak type (p, q), but not strong 
r.w.t. (p,q), but not weak 




+ (a A 8) 1 



Figure 3. Mapping properties of I"'' 3 when a A j3 < — 1/2 and er > (a A (i) + 1. 

1 

- - - weak type (p, q) , but not strong 

- - — r.w.t. (p,q), but not weak 



+ (a A 8) - 2a 



-{ah 8) ■ 




2a - (a A 8) - i ^ + (a A /?) 1 



FIGURE 4. Mapping properties of I"'' 3 when a A /3 < -1/2 and cr < (a A /3) + 1. 



and we have 



£"& = S n ,v<t>ni n>l. 



We denote by the same symbol C u the natural self-adjoint extension of the Bessel operator in this context, 
see [MUS]. 

The integral kernel %"{x, y) of the semigroup {exp(— t(£ ly ) 1 / 2 )} was investigated in [24]. In particular, 
in Theorem 3.4] sharp estimates of T-L^ (x, y) were established, but only for a discrete set of half-integer 
parameters v. Here we prove that these sharp bounds hold in fact for all v > — 1. 

Theorem 2.5. Let v > — 1. Given any T > 0, we have 

'(t + x + y)- 2 "- 1 ^ + 2-x- y)~ 2 t , +( l_ yyi , t<T 



H v t (x,y)^(l-x)(l-y) 



exp (— tsi u ) 



t > T 



s 
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uniformly in t > and x, y € (0, 1). 

Assume that a > and consider the potential operator 

x af(x)= fC^(x,y)f(y)dfi v (y), 
Jo 

where 

1 f°° 

Theorem 12.51 allows us to prove the following sharp bounds for this potential kernel. 
Theorem 2.6. Let v > — 1 and a > be fixed. The estimate 

Kix,y) ,2 2 

~ 1 + X{t=^+1} log — — + X{<r=3/2} ■ 



(1 — — y) ^ + y 2 — x — y 

1, <7>l/2 

+ (a + y) *-»(H-D ( 2 - x - y)--3 ^ log _ a = 1/2 

a < 1/2 



holds uniformly in x,y € (0, 1). 



1±g )(2-x-B 
\x-y\ 



From Theorem 12.61 it can be seen that L v {d\i v ) C Doml^ for 1 < p < oo. Moreover, Theorem 12.6 
makes it possible to describe, in a sharp way, LP — L q mapping properties of T v a . These turn out to be 
the same as for the Jacobi potential operator 1%'" with a = v and 6 = —1/2, as stated in the result 
below; see also Figure [TJ The value of /3 here is perhaps a bit unexpected, since a fundamental connection 
between the Jacobi and Fourier-Bessel settings involves 8 = 1/2; see [25] and Section 



Theorem 2.7. Let v > —1, a > and 1 < p, q < oo. Set 

r}-.= (i/ + l)v(l/2). 

T/ien /ias i/ie following mapping properties with respect to the measure space ((0, 1), dfi^). 

(i) If a > rj, then T£ is of strong type (p, q) for all p and q. 

(ii) If a = r], thenl^ is of strong type (p, q) for (p, q) ^ (1, oo), and not of restricted weak type (1, oo). 
(hi) Assume finally that a < rj. Thenl^ is of strong type (p,q) provided that 



l -> l --°- and (^{(l^moc)}. 
q p n l\n — a J \a / J 



q p j] y\ rj 

Moreover, T v a is of weak type (l, — and of restricted weak type (^,oo). 

These results are sharp in the sense that T. v a is not of strong type (l, not of weak type 

(^,oo), and not of restricted weak type (p,q) when - < | — — . 

2.4. Lebesgue measure Fourier-Bessel setting. This context emerges from incorporating the mea- 
sure \x v into the system {^}, see for instance [231 US- In this way we derive the Fourier-Bessel system 
{r n --n> 1}, 

<(x) = x v+1 ' 2 4r n {x), n>l, 16(0,1), 

which for each v > — 1 is an orthonormal basis in L 2 (dx); here dx stands for Lebesgue measure in the 
interval (0, 1). This system consists of cigenfunctions of the differential operator 

L „ = # V4 

cfa; 2 x 2 ' 

and we have 

Il^C = 4,r,VC n > !• 

The associated Poisson semigroup {exp(— ^L") 1 / 2 )}, generated by means of the square root of the 
natural self-adjoint extension of If in this context, has an integral kernel given by (see [231 123) 

(6) W»(x,y) = (xyy +1 / 2 HUx,y). 

Thus Theorem 1 2 . 5 1 provides also sharp estimates for W£(x,y). 
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Let a > and consider the potential operator 

Kf(x)= [ K(x,y)f(y)dy, 
Jo 

where 

(7) K»{x,y) = {xyy+ 1 l 2 K,»{x 1 y). 

Sharp estimates of K^(x,y) follow readily from ([7]) and Theorem 12.61 In particular, in case v > —1/2 
one concludes that Doml^ contains all L p (dx) spaces, 1 < p < oo. If v < —1/2, then L p (dx) C Doml" 
provided that - < v + § . 

Another consequence of the bounds for K^(x,y) is the result below describing LP — L q mapping 
properties of 1^. They occur to be the same as for the Jacobi potential operator I"' 13 with a = v and 
/3 = 1/2, sec also Figures [HU 

Theorem 2.8. Let v > —1, a > and 1 < p, q < oo. Then Y a has the following mapping properties with 
respect to the measure space ((0, l),dx). 

(a) Assume that v > —1/2. 

(al) Lf a > 1 /2, then 1^ is of strong type (p, q) for all p and q. 
(a2) Lf a = 1/2, then 1^ is of strong type (p,q) =/= (1, oo). 
(a3) Lf a < 1/2, then 1^ is of strong type (p,q) provided that 



— > 2cr and 

q p 



Moreover, l v a is of weak type (1, 1 \ a ) and of restricted weak type (^-,oo). 
(b) Assume now that v < —1/2. 

(bl) Lf a > v + 1, £/ien 1^ is of strong type (p,q) provided that ^ < f + | a 

Furthermore, Y a is of weak type (p, i/ ^ 1 1 y 2 ) /or ~ < + § and of restricted weak type ( „ + 3y 2 ) 9) 
/or i > -i/- i 

(b2) // o" = f + 1, £/ien IJ^ /ias i/ie mapping properties from (bl), except for that it is not of 

restricted weak type ( v ^ji > v +i/2 ) • 
(b3) Lf a < v + \, then 1^ is o/ strong type (p, g) w/ien 

1 3 ,1 1 , 1 1 „ 

— < v H — and — > —v and — > 2a. 

V 2 g 2 g p 

Further, 1^ is o/ weak type (p, u +i/ 2 ) / or p" < 2<r — v — \ and of restricted weak type 
( 2g -J-i/2 » 1^172) and (lM372» /or i > + § - 2a. 
^4 the results in parts (a) and (b) are sharp in the sense described in Theorem \2.J\ 

3. Estimates of the potential kernels 



In this section we prove Theorems 12.21 12.51 and 12.61 We begin with an auxiliary technical result that 
gives sharp description of the behavior of the integral 

,-s 



J 7 (T, S, w) 

considered as a function of T, S and w. 

Lemma 3.1. Let 7 6 R and M > be fixed. 
(a) 7/7 > —1 then 

S-T S1+ 



r>dt 

T t 2 + w' 



, SVio ) 



7 > 1 
7 = 1 

7 6 (-1,1) 



uniformly inO<T<S<oo and < w < M . 
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(b) J/7 < -1 then 



Jj (T, 5, w) 



S-T T^+i jl + log+^AH, 7 =-l 



7V ' ' '~ S (TVw)*\l, 7 <-l 
uniformly inO<T<S<oo and < w < M . 



In our applications of Lemma 13.11 below, we will always have w < 5. However, we decided to state 
the result in a slightly more general form than actually needed. This allows one to see the symmetry 
between items (a) and (b), and also to understand better the behavior of J 7 (T, 5, w). The latter may be 
of independent interest. 

In the proof of Lemma |3. II we will use the following simple estimate. 

Lemma 3.2. Given ( £ M, ( / 0, we have 

M- 1 



\A!-Bt\~\A-B\i {AVB) > ^ >0 
B] - ]A Bl \(AAB)^/(AB), £<0 



uniformly in A, B > 0. 



Proof. For £ > the estimate is elementary. The case £ < follows then from the result for positive £ by 
replacing A and B by their inverses, respectively, and £ by its opposite. □ 



Proof of Lemma \3.1\ The case T = 5 is trivial, so let T < S. The change of variable t — > Mt shows that 
we may assume that M = 1. Moreover, we can always consider T > since then the result asserted for 
T = in item (a) follows by a limiting argument. In the next step we will further reduce the proof to the 
case 5 = 1. 

Consider hrst 5 < w. Then 



Jj(T,S,w) ~ i / 
and applying Lemma 13.21 we see that 



%7 rf ^± J|S 7+1 - T7+1 I' 7^-1 
\log(5/T), 7 = -l 



AS~T)S\ 7 >-l 

J 7 (T,5,«;)~ — \\og{S/T), 7 =-l 
(5-7)^+75, 7< _ : 



!(!- 



As easily verified, this coincides with the asserted bounds when 7 ^ — 1. The same is true for 7 = — 1, 
but this case requires perhaps some comment. Namely, the relevant relation 

. 5 S-T/ . 5 
g T - — — { 1 + lo Sy 

can be checked by distinguishing the cases 2T < 5 and S/2 < T < S and using in addition (in the latter 
case) the bounds 

(8) logx~a;-l, 1 < x < C, 

where C < 00 is a fixed constant. 

Next, we consider the complementary range 5 > w. Changing the variable of integration t — > St, we 
obtain 

fi dt 



J 7 (T,S,w) = S 7 ^ 1 f 

JTl 



, 2 =S^J^{T/S,l,w/S), 
T/S t +w 2 /S 2 

and here w/S < 1. Assuming that the bounds of Lemma 13.11 are true for 5 = 1 and applying them to the 
last expression we get their validity for general 5. 

Summing up, the proof will be finished once we estimate suitably the integral 

T (rr 1 A f 1 trtdt 
The case when T > w is straightforward. We have 

'll-T 7 " 1 !, 7 ^1 



J 7 (T, l,w) ~ / f- 2 dt 



log(l/T), 7 = 1 
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Applying now Lemma 13.21 and using in addition ((5J) when 7=1, we get 



1, 7 > 1 

J^T,l,w)~(l-T)tl + log(l/T), 7 = 1 



as needed. It remains to treat the case T < w. Observe that 



7 < 1 



JJT,l,w) ~ -\ [ fdt+j 
w 2 J T J w 



t 1 ' 2 dt = X 1 + 1 2 



We must show that 



X 1 +X 2 ~(l-T)< 



1, 

l + log(l/w), 
vp- 1 , 

T 7+1 /w 2 , 



7 > 1 
7 = 1 

-1 < 7 < 1 
7 = -l 
7 < -1 



uniformly in < T < w < 1. To this end we always assume that T < w. 
With the aid of Lemma 13.21 one easily finds that 



1 



(w — T)u; 7 , 7 > — 1 

log( W /T), 7 = -l. 

^w-T)Tt +1 /w, 7<-l 



1 — w, 
log(l/to), 
(1 — u>)w 7_1 , 



7 > 1 
7=1 
7 < 1 



We will analyze separately each of the five cases emerging naturally from the ranges of 7 appearing above. 
This will finish the proof. 
Case 1: 7 > 1. We have 

X x + X 2 ~ w 7 ~ 2 (w - T) + 1 - w. 

Clearly, if 1/2 < w < 1 then 2i +Z 2 ~ 1 - T. On the other hand, if w < 1/2 then Xi +X 2 ~ 1 ~ 1 - T. 
The conclusion follows. 
Case 2: 7=1. Now 

Ii + 1 2 — w _1 (ii> — T) + Iog(l/ttf). 

If to > 1/2 then, by ©, X 1 + X 2 ~ u^O -T+l-iu)~l-T~ (1 - T)(l + log 1/w). For u> < 1/2 we 
haveli +X 2 ~ 1 - T/w + log 1/w ~ logl/to ~ (1 - T)(l + log 1/w). 
Case 3: -1 < 7 < 1. This time 

I 1 +T 2 ~ w~<- 2 {w ~T) + ui 7_1 (l - w) 

and so for w > 1/2 we can write Z1+I2 — w — T+l — w~(l— T)w 7_1 , and when w < 1/2 we have 
X-l+X 2 ~ twT-^l -T/^ + u; 7 " 1 ~ (1 - TV 7 " 1 , as desired. 
Case 4: 7 = — 1. In this case 

li+l 2 ^ w- 2 \og(w/T) + w- 2 (l - w). 

If T > 1/2 then by © we see that X 1 + X 2 ~ logw/T + 1 - w ~ iu/T - l + l- to~l-T~ 
(l-T)w- 2 (l+logw/T). WhenT < 1/2 we write Ii+I 2 ~ w~ 2 (l-w+log io/T) ~ (l-T)w" 2 (l+log w/T), 
where the last relation is verified by considering separately the subcases w < 3/4 and w > 3/4. 
Case 5: 7 < —1. We now have 



Xl +X 2 



_ rp ^7 + 1 



„7+l 



■(1- W ). 



For T > 1/2 it follows that Xi+X 2 ^ w- 2 T^ +l (w-T)+w- 2 T^ +1 {l-w) ~ (1— T)w;~ 2 T" y+1 . When T < 1/2 
the same estimates arc justified by considering separately the subcases T > 3w/4 and T < 3w/4. More 
precisely, in the first subcase X\ < T 1+1 jw 2 ~ Z 2 and in the second one I 2 < w 1+1 jw 2 < T 1+1 /w 2 ~ Xi. 



The conclusion follows. 



□ 
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3.1. Estimates of the Jacobi potential kernels. With Theorem 12.11 and Lemma lOl at our disposal, 
we can now verify the sharp estimate of K."'^(0, if) stated in Theorem 12.21 

Proof of Theorem \2. l A We may assume that 

(9) 9 + if < 2tt - 9 - if 

since then the complementary case follows by replacing 9 and if by tt — 9 and n — ip, respectively, and 
exchanging the roles of a and /3. Note that ([5} is equivalent to each of the inequalities 

9 + If < 71", 2-7T — 9 — if > tt. 

In particular, © implies 

2n-9-<p~l, e,ife(0,n). 
These relations will be used throughout the proof without further mention. 
In view of ((9]), the estimates we must show read as 

((9 + ff°-\ a>l/2 

(10) K ^{e,if)^l + X{ ^ a+1} \ogj^- + {e + if)- 2a - l l l+log^, a = 1/2. 

V [\9-f\^-\ a<l/2 

Using Theorem 12. II we can write, uniformly in 9, if e (0, 7r), 

r6+ip ,2a jj- r 1-K-S-if f 2cr-2a-l 

K^ie^^ie + if)-"' 



t 2*-2 a -20-2 dt roo , > + /j + l| \ 

t» + {e-<P? + L cxp {- ) 1 dt 

Clearly, all the components here are nonncgative and = c(a,a,/3) ~ 1. Moreover, by 

/■27T j.2tT-2Q-2,3-2 jj- p2tt 

Therefore 

To describe the behavior of J\ and J2 we apply Lemma lOI More precisely, using Lemma [3TT1 (a) with 
M = 2tt, 7 = 2a, T = 0, S = 9 + ip and w = \0 - <p\, we get 

f(# + ^) 2 --\ <r>l/2 

^-(fl + ^-^-ijl + log^, a = 1/2. 

Ilfl-Vl 3 "- 1 , a<l/2 

Letting 7 = 2a — 2a— 1, T = + ^, S = 2tx — 9 — ip and applying again Lemma |3. II (item (a) when er > a 
and item (b) for a < a) leads to the bound 

!1, a > a + 1 

1 + log^, a = a + l. 

(9 + ip) 2 °- 2a - 2 , a<a + l 

Combining these estimates of J\ and J 2 we see that when a 7^ a + 1 

1, cr > a + 1 

(<9 + ^)- 2q - 1 ((9 + ( / ?) 2 ' t - 1 , o-<a + l 

< 1 + Ji, 

and in the singular case a = a + 1 we have 

l + J 2 ~log-— . 

Since J7i is comparable with the third component in (|10[) and 1 ~ with the first one, the conclusion 

follows. □ 



J2 < 
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3.2. Estimates of the Poisson and potential kernels in the Fourier-Bessel settings. Our first 
objective now is to prove Theorem l2.5l To proceed, we consider the Jacobi trigonometric 'function' setting 
scaled to the interval (0, 1), see [25j Section 2]. Define 

ffiix) = VWfaO. n >°> me (0,1), 
where are as in ([3]). Then the system {4>n ,<3 ■ n > 0} is an orthonormal basis in L 2 (dx), dx being 
Lebesgue measure in (0, 1). Moreover, each is an eigenfunction of the differential operator 

~ aifj ^_d^_ 7r 2 (l/4- a 2 ) _ n 2 (l/4-(5 2 ) 
dx 2 4sin 2 (7ra;/2) 4 cos 2 (?ra;/2) 

and we have 

=^(n+^±l±±) 2 ^, n>0. 
The heat and Poisson kernels in this context are given by 

G^(x,y) = gcxp (-t. 2 (n+ ^±|±1) 2 ) ^(x)^(y), 

n=0 ^ ' 

W^(x, y) = f>p ( - tv\n + ° + ^ + 4> a J(x) 4><*J{y), 

respectively Large time behavior of these kernels can be described by means of the above oscillating 
series. Indeed, taking into account that </>q ,/3 (x) is a constant times (sin(7rx/2)) Q+1 / 2 (cos(7rx/2))^ +1 / 2 
and that (see e.g. [28l (14)]) 

IC'^I < (sin^) Q+1/2 (cos^) m/ V+^+ 2 , n>l, XG(0,1), 

we conclude that for large t the above series behave like their first terms. More precisely, in case of the 
heat kernel we have the following. 

Proposition 3.3. For T sufficiently large, 

G^(x, y) * (xy)^ 2 ((l - x)(l - y)f +1/2 exp ( - t, 2 (^±l±±)^ , t>T, 
uniformly in x,y £ (0, 1). 

As for the short time behavior of HIj (a:, y), Theorem 12.11 combined with the relation ^ and a simple 
scaling argument leads to the estimate 

uniformly in x, y £ (0, 1), where T > is arbitrary and fixed. 

Proof of Theorem ] 2. 5[ Let T > 0, to be fixed later. Notice that since the short and long time bounds of 
the theorem coincide for t staying in a fixed interval [Tq,Ti], with < To < T\ < oo, we may prove the 
result with T chosen as large as we wish. 

The estimate of H"(x,y) for t > T follows from [2U Theorem 3.7], provided that T is large enough, 
and we may assume this is the case. Thus it remains to verify the short time estimate. Further, in view 
of ©, it is sufficient to show that the Poisson kernel W((x,y) in the Lebesgue measure Fourier-Bessel 
setting has for t < T the same bounds as H"' /3 (x, y) in (jTTJ) above, with a = v and (3 = 1/2. 

Let G%(x,y) be the heat kernel related to the Lebesgue measure Fourier-Bessel context. By the 
subordination principle, 

W t {x, y) = -= \ G u u (x, y)e- t2 /( 4u) u- 3 / 2 du 



/47T 

and similarly for Hj'' 1 ^ 2 (x, y) and G^' 1 ^ 2 (x,y). Set 

Jo= C ^{x^y-^l^u'^du, J QO = l G u u {x,y)e- ti l^u- 3 / 2 du 



T 



J = G^ 2 (x,y)e- t2 ^u-V 2 du, J oa = G»// 2 (x, y^l^u^' 2 du 
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According to [2J3 Remark 3.3], we know that 

& v u (x,y)~G% 1 / 2 (x,y), y£ (0,1), < u < T. 

Thus Jo ~ Jo uniformly in x,y € (0, 1) and t > 0. 

To show that ~ Joo uniformly in x,y € (0, 1) and t < T, we note that by |241 Theorem 3.7] and 
Proposition 13. 31 

Gl(x,y) ~ (a;y)^ +1 / 2 (l - x)(l - y) cxp ( - us 2 „), u>T, 

&'^ 2 (x, y) ~ (^)^ +1 / 2 (l - aO(l - j,) cxp ( - wr> + 3/2) 2 /4), u>T, 

provided that T is chosen sufficiently large. Now we fix T that is simultaneously large enough in all the 
relevant places above and observe that the desired comparability of and Joo will follow once we check 
that, given c\,C2 > 0, one has 

/>oo />oo 

/ e-We-f/Wu-Wdua / e- c * u e- t2 /^u- 3 / 2 du, < t < T. 
Jt Jt 

This, however, is clear because t 2 /(4it) stays bounded in the integrals above if t < T. 
Summing up, we see that 

M v t (x,y)^mf /2 (x,y), x, ye (0,1), t < T. 
This finishes the proof. □ 

We are now in a position to prove sharp estimates for the Fourier-Bessel potential kernel K,^(x,y). 

Proof of Theorem \2.b\ Observe that by Theorem 12.51 the expression H"{x, y)/((l — x)(l — y)) has, up to 
an obvious scaling, the same short time bounds as the Jacobi-Poisson kernel H"' 1 ^ 2 (6,ip), see Theorem 
12.11 Moreover, the long time behaviors are also the same, up to constants in the arguments of the 
exponentials. Therefore we can proceed exactly as in the proof of Theorem 12.21 above and conclude the 
estimate of Theorem 12.61 □ 



4. L p — L q ESTIMATES 

To prove the LP — L q estimates stated in Section [23 we will need some preparatory facts and results. 
A part of them are some basic properties of a generic integral operator 

Tf(6)= [ K(6,ip)f(ip)dtx((p) 
Jx 

related to a measure space (X, fi). Here, for our purposes, wc fix X = (0,7r), fi = fi a jj or [i be 
Lebesgue measure, and we always assume that the kernel K{9, <p) is nonnegative and symmetric, K{9, if) = 
K((p,8) > 0. Considering 1 < p, q < oo, we make the following observations. 

(A) If T is of strong type (p, q), then T is of strong type (p, q) for p > p and q < q. Indeed, since /i is 
finite, we have L r (dfi) C L r (dfi) for r > r and the claim follows. 

(B) If T is of strong type (1, q), then T is of strong type (p, q) provided that l/q> 1/p— l/q'- Indeed, 
by duality T* = T is of strong type (g',oo), so the conclusion follows by interpolating between 
the strong types (l,q) and (q ,oo), and (A) above. 

(C) If T is of weak type (1, q), 1 < q < oo, then T is of restricted weak type (q',oo) and of strong type 
(p,q) for l/q= 1/p— 1/q', P > 1, q < oo. This is justified as follows. Notice that the weak type 
(l,q) means, in terms of Lorentz spaces, boundedness from L 1 (d/i) to L q '°°(dn). Then the adjoint 
operator T* maps boundedly (L q '°° (d/i))* into (J 1 (c?^))* = L°°{dp). Further, the associate space 
of L q >°°(dfi) in the sense of [5J Chapter 1, Definition 2.3] is L q ^(dfi) (cf. [SJ Chapter 4, Theorem 
4.7]) and by [5j Chapter 1, Theorem 2.9] it can be regarded as a subspace of the dual of L q >°° (dy) . 
Since T* = T, we infer that T is of restricted weak type (g',oo). The remaining assertion follows 
by an extension of the Marcinkiewicz interpolation theorem for Lorentz spaces due to Stein and 
Weiss, see [34l Chapter V, Theorem 3.15] or [H Chapter 4, Theorem 5.5]. 

(D) If T is of weak type (p, oo), p < oo, then T is of strong type (l,p'). Actually, by definition, weak 
type (p, oo) coincides with strong type (p, oo), which means boundedness from L p (d[i) to L°°(dfi). 
Since T* = T and L l {dp) C (i^d/x))** = (L°° (d(i,))* , the conclusion follows. 



POTENTIAL OPERATORS 



15 



Given < £ < 1 and / > 0, let 

(12) U i f(6)= f \°~f m /(y)W. 

Jx V{B(9,\0 - (p\)) 

This operator appears in the literature as a variant of fractional integral related to spaces of homogeneous 
type, see [TJ Section 5] or QjJl Section 1] and references given there. We shall use the following. 

Lemma 4.1. Let (X , fi) be as above and fix < £ < 1. Assume that there are constants s > £ and c > 
such that fi(B r ) > cr s /or any ball B r in X of radius r < diam X . Then the sublinear operator f i— > U^\f\ 
is bounded from L^d/i) to weak L s ^ s ~^ (d/x). 

Proof. We follow well known arguments going back to Hedberg's paper [17j , see for instance the proof of 
[TJ Corollary 5.2] or the proof of [HI Proposition 3.19]. The integral defining U^\f\ is divided into 'good' 
and 'bad' parts. Then treatment of the good part is straightforward and the bad part is analyzed by 
means of a dyadic decomposition, with the aid of the assumed lower estimate for fi(B r ) and the doubling 
property of fi. In this way one arrives at the so-called Hedberg's inequality 

ut\mz\\f\\i / '(MW)) 1 ~* / ', 

where M stands for the (centered) Hardy-Littlcwood maximal function in the space (X,fi). Since M 
satisfies the weak type (1,1) inequality (see jTSJ Theorem 2.2]), we get 

,«AW(*-«m < (\\H' XS/(S ~ 6) 



Km.f\ > ad < fi({Mm > (A/ii/nf s ) s/(s -°}) 



A 



uniformly in A > and / G L 1 (d/x). □ 

4.1. L p — L q estimates in the Jacobi trigonometric polynomial setting. Our strategy to prove 
Theorem 12.31 is based on decomposing (in the sense of ~) the potential kernel according to the estimate 
of Theorem O We write 

6 



i=l 



where 



K x {8,<p) 


■= 1, 










lC 2 (6,<p) 


:= X{a=a+1] log 


2tt 








'0 + tp' 










:= X{a=f3+i} log 


2tt 








'2ir-6- 


j 

- V 








:= X{a>l/2} (0 - 




(»+i)( 27r 


-9- 


\2<7-209+l) j 


1C 6 (0,<p) 


■= X{a=l/2} (0 - 




' 1 (2 7 r-6l 


-<pY 


8 \e-<p\ 




:= X{a<l/2} (9' 


^r 2a - 


1 (2 7 r - 9 


-¥>)' 


- 2 ?- x \9- V \ 2 °-\ 



We denote the corresponding integral operators by Ti, i = 1, . . . , 6, 



Notice that all the kernels here are nonnegative and hence, from now on, we may and do assume that 
/ > 0. Clearly, to show any of the asserted mapping properties of , it is sufficient to do the same for 
each 7i, i = 1, . . . , 6, separately. On the other hand, to disprove one of the mapping properties of Z"'^, 
it is enough to verify that it fails in case of one particular Ti- 

While studying the proof below, it is convenient to keep in mind Figure [TJ 

Proof of Theorem \2.3[ Let 1 < p, q < oo. We will show the following mapping properties of Ti, i = 
1, . . . ,6. As easily seen, altogether they imply all the assertions we need to prove. Note that the case 
a + (3 = — 1 is not excluded below. 

• Ti is of strong type (p, q) for all p and q. 

• Ti., being nontrivial only for a = a + 1, is in this case of strong type (p, q) 7^ (l,oo) and not of 
restricted weak type (l,oo). 
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• 7a, being nontrivial only for a = /3 + 1, is in this case of strong type (p, q) ^ (l,oo) and not of 
restricted weak type (l,oo). 

• Ta, being nontrivial only when a > 1/2, satisfies in this case the following: 

-k if a > 8, then Ta is of strong type (p, q) for all p and q; 

•k if a < 8, then Ta has the positive and negative mapping properties of item (iii) of the theorem. 

• 75, being nontrivial only for a = 1/2, satisfies in this case the following: 

* if a > 8 (this actually forces a = 8 = 1/2), then 7s is of strong type (p, q) ^ (1, oo) and not 
of restricted weak type (1, oo); 

* if a < 8, then 7s has the positive and negative mapping properties of item (iii) of the theorem. 

• 7(;, being nontrivial only when a < 1/2 (notice that this implies a < 8), has in this case all the 
positive and negative mapping properties of item (iii) of the theorem. 

Analysis of 71. By (A) above, it is enough to verify that 71 is of strong type (l,oo), which is trivial. 
Analysis of 72- We first show the positive results. In view of (D) and (B), it is enough to verify the 
strong type (p, oo) for 1 < p < oo. By Holder's inequality, we have 

f n 2n /" r 2ir 

||75/||oo < sup / log — — f(if)dn Qt p{<p) = / log — f(ip)dfj, a> p(ip) 

O<0<7rJo O + IP Jo <P 

2tt \ v . , \ 1/p ' 



<\\f\\ P ^J ( lo s^r) P d ^.,f}(f) 



Since the last integral is finite, the conclusion follows. 

To see that 72 is not of restricted weak type (1, oo) when cr = a + 1, we let f e = X(o,e) f° r small e > 0. 
Then ||/ £ ||i ~ e 2a+2 and 

f e 2ir f e 2ir 2ir 

||72/ e ||oo = esssup / log— — dfi a ,p((p) = log — dfj, a ,p(<p) - £ 2Q+2 log — . 

o<e<7r Jo + V Jo V e 

Letting e — > 0, we infer that the estimate HT^/slloo II fe 111 i which is both the strong and weak type 
(l,oo) inequality, is not true. 

Analysis of Tk- For symmetry reasons, treatment of T is parallel to that of T2 above. 

Analysis of 71- Recall that 8 = (a + 1) V (j3 + 1) V (1/2). Observe that when a > 8 we have £ 4 (0,<p) < 1 

and therefore in this case Ta shares the positive mapping properties of 71 • 

It remains to analyze the case 1/2 < a < 8. To this end, for symmetry reasons, we may and do assume 
that a > f3. Thus we actually consider the case 1/2 < a < a + 1 = 8. We will show that Ta is of weak 
type (1, tz^f) an d °f strong type (l,q) for 1 < q < j^- In view of (B) and (C), this will imply that 7a 
is of strong type (p, q) provided that ^ > | — j, except for (p, q) = (1, jzz;) and (p, q) — (|, 00), and in 
the latter case Ta is of restricted weak type. Furthermore, we will prove that Ta is not of weak (strong) 
type (^ ,00) and hence, by (B), neither of strong type (1, jz^)- Finally, we will check that Ta is not of 
restricted weak type (p, q) when - < - — ? 



We claim that Ta is of weak type (1, ) . We have 



6 ' 

a+ 
a+1- 

(13) %f(0) < X { O,n/2](0) 2CT - 2(Q+1) ||/||l + XW2,.)(8) [1 V (TT - fl) 2 *" 3 ^ 1 )] ||/|| a 

= TA,of(0) + TA,,f(e). 

Then, uniformly in A > and < / G L (d/z ail g), 

^ ({%,of(o) > A}) < J e 2a + l de ~ 

so 71,0 is of weak type (1, )■ If /S = a, the same argument shows that also 71, n has this mapping 

property. As easily verified, for j3 < a the operator Ta,k is of strong type (1, a °!^_ <r ). The claim follows. 
From the estimate ([T^]) it is also clear that Ta is of strong type (1, q) for q < a °|"l tT ■ 

Passing to the negative results, we first disprove the weak type (£,00) which, by definition, coincides 
with strong type (§,00). Recall that 8 = a + 1. Take f(tp) = X(o,i) M/O^ 7 log §)• Then / e L s / a {dp, a ^) 
since 



POTENTIAL OPERATORS 



17 



But 

rl dip 



a<e<7T Jo <p 2 °\og± J plog± 



CO. 



Finally, we check that T4 is not of restricted weak type (p,q) if - < j- By the positive results 
justified above and an au contraire argument involving the interpolation theorem for Lorentz spaces 
invoked in (C), it is enough to ensure that T4 is not of strong type (p, q) if | < i — j. Indeed, if T4 were 
of restricted weak type (p, q) for some p and q such that - < - — j , then by interpolation with a strong 



q p 8 ' 

type pair satisfying ^ = i — j, p > 1, q < 00, Ti would be of strong type (p, q) for some p and g satisfying 

i < i — a 
q p s ■ 

Recall that a < S = a + 1 and assume that | < i — j . Take /(<^) = ^XfUi)^) with A = —2s + 2§s, 
with e > such that e < - — j — |. Then 



|/||*~ f 1 v A *>+ 2a+1 dtp = f 1 p- 1+2S ^ dip < 00 
Jo Jo 



and hence / S L p (d^ a ^). We will show that 71/ ^ L q (dfi a ./3). Let £ (0, 1). Observe that 

2<t-2(q+1) A+2a+l j _ n2a+A IV ul f 



Since 1/0 > 1, the last integral is certainly larger than a constant. Thus we get 

T 4 f{e)>e 2a+A , 6> 6(0,1). 
If q = 00, it suffices to observe that 2er + A < (see above). For q < 00, we write 

\\T4.f\\ q > I e {2,T+A)q+2a+1 do. 



The last integral is infinite since \ < \~ ~ f — £ = ~ § an d consequently (2cr + vl)g + 2a + 1 < — 1. 
The conclusion follows. 

Analysis of T~6- Let cr < 1/2. We begin with showing that 7(3 has all the asserted positive mapping 
properties. A crucial observation in this direction is that Te is comparable with Ui a , sec (|12[) . in the sense 
that 

%f{6)~U 2rT f{6), />0, 6(0,70, 

and hence these operators have exactly the same L p — L q mapping properties. Indeed, by |26[ Lemma 
4.2] one has 

Ha,f>{B(0,\6-<p\)) ~ \6-p\(6 + ( p) 2a+1 (2ir-8~v) 2 ' 3 + 1 , 0,<p e (0,*), 

so the kernels of Tq and \Ji a are comparable. Moreover, in view of the above estimate, 

li a>fi {B(6,r)) ~r{r + 6) 2a+1 {r + Tr-0) 2f3+ \ 6 6 (0,7r), < r < tt, 

and we see that n a ,p(B r ) > r 25 for any ball in (0,7r) of radius r < tt. Applying now Lemma 14.11 we 
conclude that L^, and hence also Te, is of weak type (1, yr^). 

Next we claim that 76 is of strong type (l,q) for 1 < q < j^- If this is true then, in view of (B), 
(A) and (C), we get all the remaining positive results for Te- To prove the claim, by Minkowski's integral 
inequality it is enough to ensure that 



sup / (K. 6 {6,tp)) dix at p{9) < 00. 

0<lf<TT Jo 

For symmetry reasons we may restrict the last integration to 9 < tt/2. Then we can write 

V2 (Ke(e, p>)) q d^ p (e) ~ r\e + <p)-( 2a+1 ^\e - ^-^e 2a+1 de 



'ip/2 J2ip 
= Jl + U2 + J3- 
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We now estimate each of the three integrals uniformly in ip G (0, 7r). We have 

J x ~ ^-(201+1)^(2^-1)9 / 02o+l d g ^ ^(2^-20-2)9+20+2 < ^ 
JO ~ 

The last bound holds because the condition q < implies (2a — 2a — 2)q + 2a + 2 > 0. Further, 

J 2 ~ (^-( 2Q + 1 )V 2Q+1 / |fi - (^| (2CT ~ 1)9 <*0 ~ ^(2<r-2a-2)q+2a+2 < ^ 
J v /2 

where we used the fact that (2a — l)q > (2a — > (2cr — 1) 1 ^/- fT = — Finally, 

J3^ /* 2 %(2-2—2)9+2o+l ^ < L 
J2m 



'2<,9 

The claim follows. 

Passing to negative results, we observe that after neglecting the characteristic functions X{a>i/2} an d 
X{<j<i/2}, the kernel JCe{0, <p) is controlled from below by the kernel K.±(Q, <p). Thus all the counterexamples 
given in the analysis of 71 for the case a < S = a + 1 are valid also in the present situation, assuming 
that 5 > 1/2 (note that the condition a > 1/2 was irrelevant for the counterexamples related to 7i). 

We now give counterexamples for the case 5 = 1/2 (notice that this means that a, (3 < —1/2). This 
situation is different from that for 6 > 1/2 since now the bad behavior is caused by the factor \9 — f\ 2(T ^ 1 
rather than the endpoint behavior of the kernel. We follow the strategy from the analysis of Ta that 
reduces the task to giving two particular counterexamples. 

Let us first disprove the weak (strong) type (3^,00). Take f(<p) = X(i/2,i) (¥>)/((! — { p) 2a l°g 
Then / G L 1 /(2^)( dMa ^) ; but 

UTe/Hoo^esssup / J ^- > -f j- = 00. 

o<e<7r J 1/2 (1 - W a log — J1/2 (1 - tp) log — 

Next, we disprove strong type (p, q) when i < i — 2a. Consider f(<p) = (1 — <p) A X(i/2,i)( l p) with 
A = — i + e, where e > is such that e < - — 2a — Then 

wni* I (i-^r l+£p ^<c», 

Jl/2 

so / G L p (dn a .j3). We will show that 75/ ^ L q (d[i a ,fi). Let € (1,3/2). Changing the variable of 
integration we get 

Since 1/(2(0 — 1)) > 1, the last integral is larger than a constant. Hence 

%f(6)>(6-lf a+A , 6e (1,3/2). 

We see that 75/ is not in L°° since 2a + A < 0. Neither it belongs to L q (d^, a ,p), q < 00, because 
(2cr + A)q < — 1 and consequently 

WHS > f l \e-i) {2a+A)q de = oo. 



Analysis of 75. We first consider the case 5=1/2 = 0". Observe that £5(0, is controlled from above 
by the kernel ICq(8, ip) with any fixed a < 1/2. Therefore we can deduce from the already proved results 
for 75 that 75 is of strong type (p,q) 7^ (l,oo). On the other hand, 75 is not of restricted weak type 
(l,oo). To see this, let f £ = X(i-e,i) with e > small. Then ||/ e ||i ~ e and 



7T Z" 1 . 7T 7T 



||7£/ c ||oo * esssup / log^ r<^> / log- dtp~elog-, 

o<e<n Ji-e \8-<P\ Ji-e 1-y e 

and the conclusion follows by letting e — > 0. 

Assume next that 8 > a = 1/2. For symmetry reasons, we may and do restrict to the case a > /3; in 
particular, 5 = a + 1. We will show that 75 has the mapping properties from item (iii) of the theorem. 
Taking into account the above mentioned majorization by the kernel ICe(0, tp) and the positive results for 
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76, we see that to obtain the positive results for T5 it remains to analyze pairs (p, q) satisfying | = | — 
By (C), this task can be reduced to showing that T5 is of weak type (1, jzr^)- 

To proceed, observe that the logarithmic factor in /Cs(#, <p) can be large only if 9 and <p are comparable 
and simultaneously tt ~ 6 and 7r — ip arc comparable; otherwise the logarithm is controlled by a constant. 
Thus 

£5(0, ^) < + V)^ 2a_1 (27r - - ^r 2 ^ 1 + X{29/3< V <30/2,2(ir~e)/3<ir~ V <3(ir-e)/2}fc5(O, f) 

= K 5A (e,ip)+ K 5 , 2 (6, <p). 

The operator T^i given by the kernel £5,1(6*, tp) is of weak type (1, -r^— ), see the analysis of T4 (the 
argument given there is valid also for a = 1/2). As for the operator 75,2 defined by £5^(0, </?), we will 
prove that it is even strong type (1, tz - )• To achieve this, in view of (D) (notice that £5,2(0, ip) is 
symmetric and nonnegative) , it is enough to verify that 75,2 is of strong type (-, 00). 
We have 

2a-l 1 „27r(« + V) 



£5,2(0, ¥>) < X(O,7r/2](0)X{2e/3< V <3e/2}(0 + <^) " log 



1-39/2 


6n0 


/ log 


he/3 


\6-<p\ 




,30/2 / 


fh/Jj 






28/3 V 



+ X(V2,^)WX{2( OT -e)/3< w - v <3( OT -e)/2}(27r-0-^) 2,3 Hog ^ 

= £5,2,0(0, + £5,2,^(0, </>)• 

Let 75.2,0 and 75,2.7r be the operators given by £5,2,0(0, ¥>) and £5,2.tt(0, 92), respectively. Then, by Holder's 
inequality, 

75,2,o/(0) ^X(o,V2](0)0" 2a_1 log^^/(v)^ 2Q+1 ^ 

|i-^/0L 

To estimate the last integral we change the variable of integration and get 

39/2/ fi \S/(.S-a) ,3/2 / fi \S/(.S-tr) 

Consequently, 

r 5 , 2 ,o/(0) <x ( o,v2](0)0" 2 ^ 1 ll/IU/ CT (2a+2)(1 ^ /5) < ll/llv- 0e(o )7 r). 

It follows that 75.2,0 is of strong type (-,00) = (2a + 2, 00). The same arguments apply to 7-5. 2, 7r and 
give strong type (2/3 + 2, 00). Since (3 < a, this implies strong type (2a + 2, 00) for 7s, 2, w, see (A). We 
conclude that 7s, 2 is of strong type (£,00), as desired. 

Passing to negative results for the case 8 > a = 1/2, we observe that K.§(0, ip) is controlled from below 
by the kernel JCi(9, tp) with any a > 1/2 fixed. Therefore the counterexamples given in the analysis of 1\ 
imply that T5 is not of restricted weak type (p, q) if ^ < j — j . It remains to disprove the weak (strong) 



type (-,00) = (2a + 2, 00). Then automatically the strong type (1, jz^) will also be disproved, see (B). 
Take f(cp) = X(o,i)(v)/(vlogf )• Then / e L 2a+2 (d^ p ). But 

IIT./IU * esssup A, + ,)— 1 log (^y-0-.)^ ^f^^. 
This finishes the analysis of 7s- 



The proof of Theorem [2731 is complete. □ 

4.2. L p — L q estimates in the Jacobi trigonometric 'function' setting. Similarly as for the proof 
of Theorem 12.31 to prove Theorem 12.41 we decompose, in the sense of ~, the kernel K" ,l3 (9, ip) according 
to ([5]) and the estimate of Theorem 12.21 We get 



1=1 
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where 



Ki(0,<p) := (M Q+1/2 ((^ - 0)(n p)f +1 '\ 

K 2 (0, <p) := X{ct = q+ i}(M q+1/2 ((t - 0)(tt - v)Y +1/2 

Me, <p) ■■= x {CT= ^ + i } (M Q+1/2 (U - p)) 0+1/2 

K 4 (9,p) := X{a>i/2] 

K 5 (0,(p) := X{a=l/2} 

K 6 (6,(p) := X{a<i/2} 
We denote the corresponding integral operators by Tj, i = 1, 



log 



log 



2tt 



2n 



9p 


a + l/2 


Un- 


0)(tt 


-<p) 


(9 + p)\ 




. ( 27r 


-0- 


v) 2 


Op 


a+1/2 


-(7T- 


0)(tT 


-<p) 


(9 + p)\ 




_ (2tt 


-0- 




9p 


a + l/2 


r(7r- 


0)(tt 


-<p) 


+ 




_ (2tt 


-0- 


v) 2 



2ir-6-(p' 

13+1/2 



2a-l 



[(6 + i p)(2<rr-6-tp)} 
0+1/2 (fl + y)(27r-g-y) 



/3+1/2 



|0-V 



2(T-1 



,6, 



TJ(9) = / Kj(0, if) f ((f) dp. 
Jo 

Since all the kernels are nonnegative, in what follows we may and always do assume that / > 0. Further, 
to show any of the asserted positive mapping properties of I" ,/3 , it is enough to do the same for each Tj, 
i = 1, . . . , 6. On the other hand, to disprove one of the mapping properties for 1°'^, it suffices to check 
that it fails in case of a particular Tj. 

While reading the proof below, we advise the reader to take advantage of Figures [2j4] and also to draw 
own pictures for cases not covered by Figures EH 



Proof of Theorem \2.4\ Part (a). Throughout we always assume that 1 < p, q < oo and that k > 0, i.e. 
a, P > —1/2. We will verify the following mapping properties of Tj, i — 1, . . . , 6, which altogether imply 
items (al)-(a3) and their sharpness. 

• Ti is of strong type (p, q) for all p and q. 

• T 2 , being nontrivial only for a = a + 1, is of strong type (p,q) for all p and q, except when a = 1/2 
and a = —1/2; in the latter case T 2 is of strong type (p, q) ^ (1, oo). 

• T 3 , being nontrivial only for a = + 1, is of strong type (p, q) for all p and q, except when a = 1/2 
and /3 = —1/2; in the latter case T 3 is of strong type (p, q) ^ (1, oo). 

• T4, being nontrivial only for a > 1/2, is of strong type (p, q) for all p and q. 

• T5, being nontrivial only for a = 1/2, is in this case of strong type (p, q) 7^ (l,oo), and not of 
restricted weak type (l,oo). 

• T6, being nontrivial only for a < 1/2, satisfies in this case the following, sec Figure [21 T6 is of 
strong type (jp,q) if | > ± - 2a and (p,q) ^ (1, j^), (5^,00), of weak type (1, j^), and of 
restricted weak type (7^,00). As for negative results, Tg is not of strong type (1, yz^), not of 
weak type (^,00), and not of restricted weak type (p, q) when i < i — 2a. 

Analysis of Ti. Since Ki(6 i , (p) < 1, the conclusion follows. 
Analysis of T2. We have 

K2(^^)<(M Q+1/2 log^. 

+ tp 

If a > —1/2, then the right-hand side here is controlled by a constant and hence T 2 is of strong type 
(j>, q) for all p and q. If a = —1/2, then K.2(9, <p) < log and, as we saw in the proof of Theorem 12.31 
(see the analysis of T2 with a = (3 = —1/2), T 2 is of strong type (p, q) except for (p, q) = (1, 00). 
Analysis of T3. We either use the same arguments as in case of T 2 , or conclude the mapping properties 
for T3 from those for T 2 by replacing 9 by it — 8, tp by it — p, and exchanging the roles of a and /3. 
Analysis of T4, T5 and Te. Observe that for i = 4, 5, 6 we have 

Ki(e,<p) <Ki(6,p), 

where the kernels K,i(6,ip) on the right-hand side here are defined in Section 14.11 and taken with a = 
j3 = —1/2. Moreover, d/i_i/2, -1/2(0) = d6. Therefore Tj are for i = 4,5,6 controlled, respectively, 
by % from the proof of Theorem 12.31 with a and j3 specified to be —1/2. Consequently, the positive 
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mapping properties of the latter operators stated and verified in the proof of Theorem 12.31 arc inherited, 
respectively, by Tj, i = 4, 5, 6. This gives the asserted positive results for T4, T5 and Tg. 

On the other hand, for 9 and ip separated from the endpoints of (0,7r), the kernels K$(9,(p) and 
Kg(#, ip) are comparable, respectively, with K,§(9,<p) and JCe(9,<p) taken with a = /3 = —1/2. Thus the 
relevant counterexamples and arguments from the proof of Theorem 12. 3[ the analysis of 7s and 7g with 
a = /3 = —1/2 and hence 8 = 1/2, work in the present situation and deliver the desired negative results 
for T5 and Tg. 

The proof of part (a) in Theorem l2.4l is complete. □ 

Proof of Theorem \2.4\ Part (b). Recall that we consider 1 < p, q < 00. Throughout this part of the proof 
we always assume that k < 0, that is a A (3 < —1/2. We will analyze separately the relevant mapping 
properties of Tj, i = 1, ... ,6. More precisely, we will prove the following items, which altogether imply 
(bl)-(b3) and their sharpness. 

• Tj is (see Figure [3]) of strong type (jp, q) if ~ < 1 + K and - > — k, of weak type (p, — ) for 
- < 1 + K, and of restricted weak type {j^,q) when - > —k. On the other hand, Ti is not of 
strong type (p, for i < 1 + k, not of weak type (j^,q) for i > — «, and not of restricted 
weak type (p, q) if ^ > 1 + K or i < —k. 

T2, being nontrivial only for a = a + 1, has then all the positive mapping properties indicated 
above for Ti, except for that T2 fails to be of restricted weak type (jt^, 37?) in case a < (3. 
T3, being nontrivial only for a — j3 + 1, has then all the positive mapping properties indicated 
above for Ti, except for that T3 fails to be of restricted weak type (jt^, ^) m casc P < a - 
T4, being nontrivial only for a > 1/2, has the positive mapping properties indicated above for 
Ti. 

T 5 , being nontrivial only for a = 1/2, also has the positive mapping properties indicated above 
for Ti. 

Tg, being nontrivial only for a < 1/2, satisfies in this case the following: 

* if a > k + 1/2, then Tg has the positive mapping properties of Ti indicated above; 

-k ifcr = K + l/2, then Tq has the positive mapping properties of Ti indicated above, excluding 

the pair (p,q) = (j^, -^); 
■k if a < K + 1/2, then Tg is (see Figured]) of strong type (p, q) when | < 1 + k, | > — n and 
I > i — 2cr, of weak type (p, ^) for | < 2a — k, and of restricted weak type ( 2g . 1 _ K , ^7) and 
(iTk ' f° r I > 1 + K — 2er; concerning negative results, Tg is not of weak type ( 2cr 1 _ K , — ) 
and not of restricted weak type (p, q) if | < i — 2cr. 
Analysis of Ti. Define the kernel 

which is symmetric with respect to 9 = it/2 and ip = it/2. Since 

Kx(6,tp) <Ki(0, <p), 

it is enough to prove the above mentioned positive mapping properties for the operator Ti associated to 
Ki(9,ip), rather than Ti. 

Let p and q be such that | < 1 + k and ^ > — k. Using Holder's inequality, we get 

(14) Tif(0) < [e(n-e)nf\\ p y\cp(-K-cp)r'd^ ^ < [6(n-6)nf\\ p ; 

here the LP norm is indeed finite because the condition ^ < 1 + n implies up' > — 1 . Therefore 

1/9 



iiTi/ii 9 <ii/ii P (^W-0)n^) 



Since > —1, the last integral is finite and it follows that Ti is of strong type (p,q). 
We now verify the weak type (p, -^-) for - < 1 + k. We have, see (fl4| . 

Tl/W < X(0,,/2] (0)0 K \\f\\p + X(n/2,,)(0) (7T - ||/|| p 

= Ti, /(e)+fi, w /(fl). 
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Then, for A > 0, 



|{Ti,o/>A}| 



< 



I/IIp 



l/re' 



< 



\J% 

A 



-l/re 



Since treatment of Ti j7r is analogous, the conclusion follows. 

Next we prove the restricted weak type (jj^,q) for | > —K. Let E be a measurable subset of (0,7r). 
We have 

(15) %Xe{6) < [0(tt - 9T f m ^ dtp ~ [0(tt - fl)nix S ||i/(i +K) . 

Jo 

Since ^ > — k, this gives 

^iXE(e)<[e(n-e)]- 1 ^\\ X E II 

Proceeding as in case of the weak type above, we see that 

9 



|{T lX .>A}|<( M f^ 



uniformly in _E and A > 0. 

Passing to negative results, assume without any loss of generality that a < /3, so that k = a + 1/2. We 
first observe that Ti is not of strong type (p, -f^) if — < 1 + K. Indeed, taking / = X(o,i) € L p , we have 



Tx/(e)~^ / tp K d<p 



e (0,1), 



and hence 



l|Ti/||:^> Ce- 1 de = 

Jo 



Next, we disprove the weak type (j^,q) for - > —k. Let f(ip) = X(o,i)(¥')/( < £ 1+K 1°S ~)- Then 



/ G but 



Ti/(fl) 



ja+1/2^ _ m/J+1/2 



1 (V 



</J fog 



Finally, we show that the conditions - < 1 + n and - > — n are necessary for Ti to be of restricted 
weak type (p, q). Take f e = X(o,s) with e < 1. Then ||/ e || p = e 1 ^ and 



Ti/ e (0) 



(0,1). 



Therefore, for A > 0, 

|{Ti/ e > A}| > \{0 < 1 : c0 K £ K+1 > A}| = \{0 < 1 : 9 < (ce K+1 / X)- 1/k } 
with c > independent of e and A. This gives 

-ce K+x \-y 



A 



A > ce K+1 > 0. 



|{Tx/ e > A}| > (- 

Now we see that the restricted weak type (p, q), q < oo, of Tj implies 

^l+l/(reg) £ -(re+l)/(reg)-l/p < ^ ^ > ce K+1 > 0. 

This forces 1 + l/(Kq) < 0, i.e. i > — k. Letting A = ce K+1 we recover also the condition i < 1 + k. 
When g = oo, the weak type estimate for Ti/ £ reads as HTi/eHoo < e 1 ^, e < 1, which means that 

e« e "+i< e Vp j £ ,6»<1. 
Consequently, we must have = | > — k and - < 1 + k. 

Analysis of Tj. Assuming that i < 1 + k and using the bound log < log ^ we get, see ([14)). 

T 2 /W<[^-e)] K ||/|| p . 

As we already saw, this estimate implies that T2 is of strong type (p,q) if - > —K, and of weak type 
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Let now q satisfy | > — n and let E be a measurable subset of (0, 7r). Using the bound log < log 2zl 
and estimating similarly as in (|15|) . we get 



T 2 x B (0) < q+1/2 (tt - < +1 / 2 log 1/(1+K 



/(!+«)' 



Since ^ > — k, this impli 



ICS 



(16) 



r V2XE(0)<MTr-9T 1/q \\xE\\i/ i i +K) , 



which leads to the restricted weak type (j^,q), see the analysis of Ti. If /? < a and q = then ((T 
still holds and so in this case T2 is also of restricted weak type (jt^, tzjj)- 

It remains to disprove the restricted weak type (tz^> z^j) when a < /? (i.e. ft = a+1/2). Let / e = X(o,e) 
for e > small. Then ||/ e ||i/(i+ K ) = e 1+K and 



T 2 / £ (0) 



<p K log 



2tt 



^e 1+K loE 



2tt 



It follows that for a fixed constant c > independent of e and A > 0, 



|{T 2 / e > A}| > I {9 < e : c9 K e 1+K log J > a} 

Choosing A 6 = ce 2K+1 log ~, we get the lower bound 

|{T 2 / e > A £ }| > e 

However, 

|/e||l/(l+/8) 



(9 < e : 9 < 



6(0,1). 



A 

c£ l+« l g ZL 



l/« 



A, 



-1/k 



and since the last expression tends faster to than e itself, the estimate 



|{T 2 / £ > A £ }| 



< 



\fe 



1/(1+k) 



-1/k 



cannot be uniform in e when e — > 0. 

Analysis of T3. See the corresponding comment in the proof of part (a), which remains in force also in 
the present situation. 
Analysis of T4. Observe that 

9ip{i: — 9)(tt — if) 



K 4 (9,ip) 



< 



(9 + ip) 2 {n -9 + tt -iff 



< 



Consequently, T4 inherits the positive mapping properties of Ti justified above. 

Analysis of T5. It can be easily seen that K^(9,(p) is controlled from above, uniformly in 9, <p 6 (0,7r), 
by the kernel Kq(0, (p) with any fixed a < 1/2. Therefore T5 inherits the positive mapping properties of 
T 6 to be proved in a moment. Choosing a such that n + 1/2 < a < 1/2, we infer that T 5 has the positive 
mapping properties of Ti , provided that what is claimed about T 6 in the beginning of this proof is true. 
Analysis of T 6 . Assume that a < 1/2. In order to show the positive results for Tg, we observe that 



< 



(9 + (f) 2 (n-9 + Tr-^) 2 _ 

and consider the dominating kernel on the right-hand side here. Then, for symmetry reasons, we may 
restrict to 9 e (0,7r/2]. Thus it is enough to study the kernel 



If) ■= X«W2](0) 



(n-^r\9-rf 



)~ K + 2rT - 1 ( P K , if < 9/2 
X(o,n/2](0)(TT - ip) K { \9 - v \ 2 °-\ 9/2 < ^ < 29 
? K ip- K + 2a - 1 , ip>29 

and the associated operator Tg. We will prove that Tq has all the positive mapping properties claimed 
for Tg in the beginning of this proof. 
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To proceed, we consider ip > 3tt/A and <p < 3ir/4, and estimate K 6 (8, ip) as follows: 

\P,<P) % X(3 7 r/4^)(v)( 7r - <^) K { 1, 8/2<tp< 29 

<p>20 

, i/i \2<j — 1 i /)— re+2cr— 1 re , /ire — k+2<t — 1 

= K 6 ,i(0, tp) + K 6 , 2 (0, ip) + K 6 , 3 (#, <p) + K 6A {6, ip). 

Let T 6 j, j = 1, . . . , 4, be the corresponding integral operators. We will analyze these operators separately. 
The mapping properties we shall verify will altogether imply the desired conclusion about Tq. This 
implication will be perhaps best seen by looking at the three cases coming from the comparison of 2a — K 
and k + 1, or equivalently a and k + 1/2, see Figures [3] and [4] 
Treatment of Tg^ is straightforward. Indeed, we have 

and consequently Tg.i inherits the positive mapping properties of Ti verified above, see Figure [3J Fur- 
thermore, the kernel Ks^(9, f) was already considered in the proof of Theorem 12-31 the analysis of T§ 
with a = j3 = —1/2. In particular, we know that Tg,2 possesses the positive mapping properties shown 
for T 6 in the proof of part (a), see Figure [2] 

It remains to study T&,3 and Tg^. Assuming that p > 1 and q < oo, we will verify the following items, 
which will complete proving the positive results for Tg. 

• T6.3 is of strong type (p, q) if - < 1 + k and | > - — 2cr, and of restricted weak type (yq^r, q) for 

i > 1 + k - 2a. 
1 ~ 

• T6.4 is of strong type (p, q) if i > — K and | > ± — 2er, of weak type (p, ^) for | < 2er — «, and 
of restricted weak type ( „ _ , ^f-) in case 2<r — k < 1. 

Analysis of Tie, 3- We have 

T e , 3 f(6)=6- K+2 °- 1 / tp K f{<p)dcp. 



Assume that i < 1 + k, i.e. Kp' > — 1. By Holder's inequality, 

T 6 , 3 /W <^ K+2CT - 1 ||/|| P QV Kp '^ ^ <^ 1/p ||/|| P . 



This estimate implies that T 6 3 is of strong type (p,q) if (2a — l/p)q > — 1, i.e. i > ^ — 2o\ Also, T 6 3 is 
of weak type (p,q) if (2<r — l/p)(? = — 1, i.e. - = - — 2a. By interpolation, Tg.3 is actually of strong type 
(p, q) for i = ^ — 2cr (recall that we consider q < oo). 

It remains to check that Tg.3 is of restricted weak type (j^,q) for - > 1 + k — 2a. Let £ be a 
measurable subset of (0, 71"). Clearly, 

K + 2<T— 1 / k ? /J — K + 2CT — 1| jt?|1 + K 



T 6 ,3XB(f) < 6»- K+ ^- 1 / ^ K dip ~ fl-"-^- 1 ^ 
Jo 

Consequently, 

t 6 ,3xbW<^ 1/9 IIx£||i/(i+ K ), 

and now the conclusion easily follows. 

Analysis of Te,4. Let p > 1 and q < oo. Using Holder's inequality, we get 

%aJ(0) = 6* £ if-^- 1 !^) dp < 9 K \\f\\ p ( £ v (-«+a«r-iy ^ /P 
To estimate the L p norm here, we write 

r fi, (-K + 20-- iy>-i 

/ ^- k+2ct - 1 )p' < Jlogf, (-K + 2ff-l)j/ = -l. 

9 ^(-«+2 CT -l)p'+l ) (_ K + 2<7 -iy < -1 
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Thus, for 9 £ (0,7r), 

2a - k > i 
^ K (logf)Vf', 2<r-K=i. 

Assume that | > — re, i.e. Kg > — 1. If i < 2ct — k, then T 6 4 is of strong type (p, q). Indeed, in this 
case 



if(0)<0 K (log^-) \\f\\ p , 



and the function H> 6* K (log ^p) 1 ^ is in ZA Moreover, Te,4 is also of strong type (p, q) if ^ > 2er — re 
and in addition - > - — 2cr, since then 

9 P ' 

T 6 , 4 /W <^ 1/p II/IIp> 

and the function 6 n- 2<t_1 /p belongs to L q . Furthermore, for - > 2a — re and - = - — 2a, Tg a is of 

o p q p ■ 

weak type (p, q) , in view of the bound 

%Af(o)<o 2,7 - 1/p \\f\\p = o- 1/v \\f\\p- 

By interpolation, Tg j4 is in fact of strong type (p, q) provided that - > 2a — re and - = i — 2o\ 

Next, we verify the weak type (p, of Tg, 4 for ^ < 2a — k. This, however, is straightforward with 
the aid of the bound 

^A.f(0)<9 K \\f\\ P . 

Finally, Tg, 4 is of restricted weak type ( 2 Jl k i if 2a — re < 1. Indeed, for measurable subsets E of 

(0,7T), 

T M x B (0) = K C y- K+2 °- x XE{v)dy<6 K [ <f- K+ ^- l d V <e K \\ X E\\i/i2 a -K) 

J 6 J<3 

uniformly in 9 £ (0, 7r), and the conclusion follows. 

Now the desired positive results for Tg are justihcd. Passing to negative results, we first ensure that 
Tg is not of restricted weak type (p, q) if | < | — 2a. Observe that 

K 6 (0,^)~|0-^| 2ct -\ 0,^6(1/2,3/2). 

Thus we can invoke the arguments disproving the same mapping property for Tg in the proof of part (a), 
see the analysis of 7g, the case a = /3 = — 1/2 and hence S = 1/2, in the proof of Theorem 12.31 

Finally, we disprove the weak type ( 2 _ , -^-) of Tg in case 2a — re < 1 + re. We may assume that 
a < /?, so that re = a + 1/2. Since 

we have 

Tef(0)>0 K [ cp-x+^firfdip, 9 6(0,1). 
Let /(ip) = X(o,2)(<p)y K ^ 2<T /log^. Then / G L 1 /^-*). We will show that T 6 / </ L~ x / K '°°. Notice that 

T e f(9)>0" f -^ = 6 K h{6), 9 6(0,1), 

where /i(#) is a function increasing to 00 as decreases to 0. Take M > arbitrarily large. There exists 
r\ > such that h(0) > M for 9 £ (0, 77). Consequently, for a fixed constant c > independent of M and 
A > 0, 

/ A \V" 



<i] : V < 



\{T 6 f > X}\ > \{c6 K h(6) > X}\ > \{0 < n : c6 K M > A}| 
For A so large that (A/(cAf)) 1 / K < 77 is satisfied, we then get the lower bound 



VcM/ 



|{Tg/ > A} I > 
Thus we see that 



V A / 



supA|{T 6 / > \}\- K > cM 
\>o 
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and so the L 1 / K '°° quasinorm of T 6 / cannot be finite. 

The proof of part (b) in Theorem 12 .41 and its sharpness is complete. □ 

4.3. L p — L q estimates in the Fourier-Bessel settings. We will give short proofs of Theorems 12.71 
and 12.81 by means of relating the Fourier-Bessel potential kernels to the Jacobi potential kernels with 
suitably chosen parameters of type, and then making use of the already proved results in the Jacobi 
settings. 

Proof of Theorem \2. 7[ Observe that, in view of Theorem l2.6l and Theorem l2.2[ the potential kernel in the 
natural measure Fourier-Bessel framework is controlled by the potential kernel in the Jacobi trigonometric 
setting with parameters a — v and /3 = —1/2, 

}C u a (x,y)<}C u a '- 1/2 (^^y), x,ye(0,l). 

Moreover, the corresponding measures are comparable, 

dfjL„(x) ~ d^_ 1/2 (7rx), x G (0, 1). 
Thus we see that the Fourier-Bessel potential operator X v a is controlled by the Jacobi potential oper- 
ator I^' 1//2 . Hence T v a inherits all the positive mapping properties of 1% stated in Theorem 12.31 
Consequently, the desired positive results for Z£ follow. 
To verify the negative results, notice that 

KZix^-K^iKX^y), x,ye (0,3/4). 

This comparability for x and y staying away from the right endpoint of (0, 1), together with the arguments 
given in the proof of Theorem 12. 3[ shows that T v a has the same negative mapping properties as those for 
j-v,-i/2 s ^ a ^ e( j m Theorem 12.31 The conclusion follows. □ 

Proof of Theorem \2.8[ By (J7J, Theorem 12.61 Theorem 12.21 and (0, we see that the potential kernels in 
the Lebesgue measure Jacobi and the Lebesgue measure Fourier-Bessel settings are comparable in the 
sense that 

Kl{x,y) -W/'^-Kx^y), x, ye (0,1). 

Therefore the corresponding potential operators V a and I^' 1 ^ 2 possess exactly the same positive and 
negative L p — L q mapping properties. Thus Theorem 12.81 follows from Theorem 12.41 specified to a = v 
and (3 = 1/2. □ 

Appendix: summary of notation 

For reader's convenience, in Table 1 below we summarize the notation of various objects in the contexts 
appearing in this paper, that is 

• Jacobi trigonometric polynomial setting, 

• Jacobi trigonometric function setting, 

• Jacobi trigonometric function setting scaled to the interval (0, 1), 

• natural measure Fourier-Bessel setting, 

• Lebesgue measure Fourier-Bessel setting. 





Jacobi trig pol 


Jacobi trig fun 


Jacobi scaled 


FB nat meas 


FB Leb meas 


eigenfunctions 


' n 










reference measure 




dd 


dx 


d[i v 


dx 


'Laplacian' 






JJ Q < /3 


L v 




heat kernel 






G^(x,y) 




GUx,y) 


Poisson kernel 






M^(x,y) 


n v t {x,y) 


W t {x,y) 


potential kernel 










^ u a(x,y) 


potential operator 


(7 








K 



Table 1. Summary of notation. 
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